Introduction
The principal purpose of this paper is to investigate some global properties of the diffusion process associated with a second order elliptic partial differential operator of self adjoint form. More specifically recurrence, transience and the rate of escape of the process will be discussed Let L be an elliptic operator on R d defined by In Chapter 2 similar results will be obtained for the diffusion process governed by a hypoelliptic differential operator. See Theorems C and D.
It is to be mentioned that Brown [4] has proved similar results in case of L= 2 -^-\ a ( x }-*-) where a(x) is smooth, strictly positive ,-= i OXf \ OXi J on R d , but the methods cannot be generalized to either of our cases.
In Chapter 3 we shall give some examples and compare our main results (Theorems A -D) with those which Friedman [7] and Hasminskii [8] have proved by the martingale method. It will then turn out that our test for recurrence contains that of Friedman and Hasminskii in the self adjoint case.
In the last chapter we shall give the exact escape rates to oo for the diffusion paths governed by a uniformly elliptic operator; this is an extension of Dvoretsky and Erdos 5 test [6] for the Brownian motion in space.
The author would like to express sincere thanks to Professor Harry Kesten for helpful advice and all his inspiration. Gratitude is also given to Professors Kiyosi ltd, Hiroshi Kunita and S. R. S. Varadhan for valuable suggestions and helpful criticism.
Notations and Definitions
Let Q be an open domain R d .
C(Q} :
The class of real continuous functions in Q.
C l (Q) :
The subclass of C(Q] functions having continuous first partial derivatives on Q which can be extended continuously to Q.
C£° (Q) :
The class of real, infinitely differentiable functions with compact support in Q. 4 (D) if it has weak derivatives -= -, i=l, . .., <^ which belong to L] OC (D} and ( 1-2) is fulfilled for all v Let .R a , a>0 be a family of linear transformations from L°° (D) to C (D) , the set of all continuous functions on Z), satisfying the resolvent equation The existence of the unique minimal diffusion process associated with the operator L in an arbitrary bounded domain has been proved by Kanda [12] and Kunita [14] . Their construction is based on the Green function constructed by Littman, Stampacchia and Weinberger [16] and Stampacchia [19] 
p.p'S + oo
Without loss of generality, we can assume that p<^p. Then
On the other hand, the property (iii) of Proposition 1. 1 implies that 
S a iJ^-j&-dx = Q for every ^(^(R'-SJ.

This implies that (p^ is a weak solution of
The boundary condition on |#| = 1 follows from the fact <POO(X} as p/* + o° for all x^R d , and Proposition L 1 (i).
Since the killed process (X t , 0 P , P x ), x^I p has the communication property i. e.
P x \_x t <=U for some t<=(0, <7,)
for every open subset U of S p and every x^£ p , it is obvious that *M>iO,]>0 for
It should be noted that in the above results the unit sphere centered at the origin can be replaced by an arbitrary sphere in R d .
From the corollary and the remark above, we have the following 
Since V is arbitrary, we have ^ = 1 on R d -I l . However this cannot happen by Lemma 1.1. This proves the first assertion. 
Chapter 2. Criteria for Recurrence and Transience II. Hypoelliptic differential operator
In this chapter we shall study the recurrence and transience problems of the diffusion process associated with a degenerate elliptic operator of self adjoint form.
We assume that the self adjoint operator L= 2
under consideration is of the form Consequently the diffusion process constructed above is associated with the operator L. We note that under our fundamental assumption (*), the transition probability P t (x, dy) has a smooth density i.e. there exists a function p t (
where The proofs of the above theorems will follow the same lines as in the preceding chapter, though several steps have to be redone.
We start with the Dirichlet problem. The first boundary vaule problem for the most general elliptic differential operator has been treated from the martingale point of view by Stroock and Varadhan [21] .
In the following we need a somewhat more precise result and we shall derive it first. In order to do it, we introduce the "barrier" function and define The following lemma shows that the set F p is large enough.
Lemma 2.2. F lp is open dense in
For the proof of this lemma, we introduce the following notation. Our next task is to extend the variational principle to the degenerate case. In order to do this we make use of the Hilbert space (ii) (2. 15) We are now ready to state the main proposition. Following the same argument as in the preceding chapter 3 we can obtain the same results for the degenerate case as in Chapter 1. These are summarized in the foollwing. Taking the boundary value into consideration (see Proposition 2. 1 (ii), (2. 14) and Lemma 2. 2), we conclude that the above constant is equal to 1. This completes the proof. Q,, E. D.
Using Theorem 2. 1 5 we are now able to prove Theorems C and D. The proof of Theorem C is carried out in exactly the same way as in Chapter 1. Note that the space Hl' 2 [7] and Hasminskii [8] We first give some examples to illustrate our main results.
Examples 1 (Recurrent case). If E^x) =o as | then the associated diffusion is recurrent. In particular, if Then the operator L becomes a hypoelliptic one satisfying the fundamental asssumption (*) in Chapter 2. It is also easy to verify the assumption in Theorem D. Consequently the process associated with the above operator L is transient.
In the next stage, we want to compare our results with those of Friedman [7] and Hasminskii [8] .
We first explain briefly their main results. Let L be a strictly elliptic differential operator defined by Theorem is transient.
If \ exp[ -\ S_(u)du~]dr<^ + °G y then the process
See Friedman [7] , Chapter 9, for the proofs of the above results. In order to compare their theorems with ours, we restrict our consideration to the selfadjoint case. Therefore, from now on, it is assumed that
The following theorem shows that Theorem A is a generalization of Theorem 3. 1 in the selfadjoint case.
Theorem 3.3. If \ exp[-\ S + (u)du]dr= + oo } then it also holds that
The proof of the above theorem uses the one dimensional diffusion operator defined by 
KUKr
So by differentiating them with respect to r, one obtains
Proof of Theorem 3. 3. First define the following functions
Then it is clear that d~2 dt/t = + 00 or < + oo.
Our proof of this theorem is based on the following result which is essentially due to Aronson [2] . We are now in a position to prove our theorem.
Proof of Theorem E. We first note that it is enough to consider the case, 
For a general g'COj define
It is evident that ^(0 satisfies the condition (4. 13).
Therefore, from what we have shown above, it follows that
On the other hand, from the convergent case, r +°° b ecause of \ --,N-2~<^ + 00 -Hence we finally obtain that
